Abstract-In this study, free vibration of an Euler-Bernoulli beam resting on a variable Winkler foundation is considered. Structures which are supported along their length such as beams or pipelines resting on elastic soil are very commonly modeled with a Winkler foundation. In this problem, the elastic coefficient of the foundation is variable along the beam major axis. Constant, linear and parabolic variations are considered. The problem is handled for three different boundary conditions: simply supported-simply supported, clamped-clamped and cantilever (clamped-free) beams. The governing differential equations of the beam are solved by using Differential Transform Method (DTM). DTM is an easy transformation technique based on Taylor expansion series, providing high accuracy.
INTRODUCTION
During the past decades, various models have been introduced for beams resting on elastic foundations such as soil etc. Those structures supported along their main axis are represented by several approaches such as Winkler, Pasternak or Vlasov, FlonenkoBorodich foundations. The Winkler modeling, one of the most fundamental methods was suggested in 1867 by Winkler. The approach introduces a linear algebraic relationship between the normal displacement of the structure and the contact pressure [1] . The Winkler Model represents the soil medium by a set of mutually independent spring elements. Such an approach grants simplicity in obtaining closed-form solutions [2, 3] . Moreover, it gives the chance of obtaining a nonlinear behavior with lower computational effort compared to other methods [4] [5] [6] [7] [8] .
There are numerous studies on the Winkler elastic foundation modeling in literature. Zhou [9] and Eisenberger [27] studied a general solution to vibrations of beams on a variable Winkler elastic foundation. Auersch [10] carried out a study about infinite beams on half-space compared with finite and infinite beams on a Winkler support. Eisenberger and Clastornik [11] examined the vibrations and buckling of a beam on a variable Winkler elastic foundation. Gupta et al. [12] presented buckling and vibrational behavior of polar orthotropic circular plates with linearly varying thickness. Also, Ruge and Birk [13] studied the dynamic behavior of infinite beam models, giving importance on asymptotic behavior at high frequencies. Dynamic response of a Timoshenko beam with a moving concentrated mass was solved by Lee [14] . Huang and Thambiratnam [15] who worked on the deflection of plates with moving accelerated loads by using Winkler model and the finite strip method. Oz and Pakdemirli has studied on resonances of shallow beams resting on elastic foundations [26] . Also, some researchers [16] [17] studied the analysis of elastic foundations with Winkler-Pasternak models. In addition to differential transform method for structures on elastic foundation, Differential Quadrature Method (DQM) and Harmonic DQ methods are also widely used, where some of the studies of this method by Civalek [28] [29] could be examined.
This study covers the free vibration of an Euler-Bernoulli beam resting on a variable Winkler elastic foundation. The elastic variation through the beam is handled in three cases: Constant, linear and parabolic variations. Boundary conditions of the beam are taken to be simply supported-simply supported, clamped-clamped and clamped-free ends, respectively. In order to find the natural frequencies, DTM is applied to the governing differential equations and boundary conditions. By using this method, these equations are transformed to a set of algebraic equations whose solutions give the desired results with an excellent accuracy compared with the exact results in open literature.
EQUATION of MOTION and BOUNDARY CONDITIONS
The governing differential equation of motion for an Euler-Bernoulli beam is expressed as follows;
where l is the length, EI is the bending rigidity, ρA is the mass per unit length, k(x) is the elastic coefficient of Winkler foundation and ( , ) w x t is the displacement. The relevant boundary conditions are; Simply supported-simply supported: 
Assuming the displacement function as follows, where ω is the circular natural frequency;
and substituting this into the governing differential equation Eq. 1 takes the form:
The elastic foundation is represented by a set of linear springs in Winkler modeling. In this study, Winkler elastic foundation can vary linearly or parabolically or even constantly through the length of the beam. Variation is given below for constant, linear and parabolic cases, respectively:
NON-DIMENSIONALIZATION
Defining a non-dimensional coordinate x l   , the equation of motion is obtained as;
Where dimensionless parameters are: 24 4 Al EI
Additionally, dimensionless boundary conditions can be expressed as follows; 
Simply supported
and variation of elastic coefficient of Winkler foundation is expressed as;
DIFFERENTIAL TRANSFORM METHOD
Differential transform method is an efficient technique for solving differential equations by iteration with considerable accuracy and easiness. It was first introduced by Zhou in 1986 [18] , who applied differential transformation not only to linear but also to nonlinear initial value problems in electrical circuit analysis. Many scientists [19] [20] [21] [22] [23] [24] have Constant:
Linear:
Parabolic:
Constant:
studied DTM in order to examine a variety of applications, such as the solution of nonlinear systems, eigen-value, and initial value or boundary value problems. Differential transform is a simulation method which depends on Taylor Series expansion. The prime advantages of DTM, which make the method superior to others, are its accuracy, simplicity and rapidity. In contrast to higher order Taylor series method, DTM does not need the symbolic calculation of derivatives. It uses some transformation rules to transform original functions, including boundary conditions, into a set of algebraic functions [20] . 
where F(r) is the differentially transformed function and r is the member of the nonnegative integer domain Z + . Then the inverse transformation is described as;
Combining Eqs. 18 and 19, the following equation is obtained:
Considering f(x) by a series of finite terms, Eq. 20 is arranged as follows, with assuming the residual terms to be negligibly small. The increase of convergence is determined by the value q.
Basic transformation rules depending on the DTM for differential equations and boundary conditions are tabulated in Tables 1 and 2 , respectively. 
FORMULATION WITH DTM
By using the DTM rules tabulated in Tables 1 and 2 , below analytical expressions are obtained.
Constant modulus:
For constant elastic coefficient of Winkler foundation, (
KK   , the differential equation takes the form:
Applying DTM to the above equation, following recurrence relation is obtained:
Linear modulus:
Parabolic variation: 
For example, W(0) and W(2) coefficients of the beam with both ends simply supported, are obtained by using boundary conditions, and W(1) and W(3) are set to unknown constants, namely; (0) 0 As seen from the above table, differential transform method provides the satisfying accuracy. The method also is also accurate for the free vibrational modes of the beam lying on Winkler foundation, which is the main subject of the study and where the results are given with comparison to the open literature in the Tables 2-7 . Through the study, 50 iteration has been used and for the solutions. The convergence of the first six natural frequency set is introduced at Figure 2 . At least 55 terms should be evaluated for five-digit precision for the 6th natural frequency. By definition of differential transform method, as the higher terms are evaluated, the more natural frequencies are obtained. Table 7 shows that the frequency parameters for clamped-clamped beam. 6.3 Cantilever Beam Frequency parameters for cantilever (C-F) beam can be seen in the Table 8 . 
Clamped-Clamped Beam

CONCLUSIONS
The study covers the dynamic response of an Euler-Bernoulli beam in free vibration. The beam with constant cross-sectional area is supported along its length by variable Winkler elastic foundation. Winkler modeling is frequently applied to the beams and pipelines resting on an elastic soil. Such modeling introduces the elastic foundation by a set of mutually independent spring elements. In the present work, the elastic coefficient of the spring set is variable throughout the major axis of the beam. Three cases are studied: Constant, linear and parabolic variations. Also, three boundary cases are concerned: Simple support-Simple Support, Clamped-Clamped and Clamped-Free (cantilever) beams. Although the governing differential equations and boundary conditions are determined, they are not easily solvable. Hereof, corresponding studies which aim to solve the system equations with different approaches can be found in literature. In this study, the system equations are solved by Differential Transform Method, which is a succeeding and easy transformation technique. By solving the algebraic functions set, which are the transforms of differential equations, natural frequencies are obtained. The results are tabulated and compared with the former studies and a great accuracy to exact results is obtained.
